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ABSTRACT 

In  t h i s  p a p e r ,  we wi l l  g ive  s o m e  c o n d i t i o n s  u n d e r  w h i c h  t h e  s u b m a n i f o l d s  

in  a u n i t  s p h e r e  a re  t o t a l l y  umbi l i ca l .  

0. I n t r o d u c t i o n  

L e t  S n-]-p be an (n + p)-dimensional unit sphere of constant curvature 1 and M n 

an n-dimensional compact submanifold isometrically immersed in S n+p. The 

following results are well-known. 

THEOREM A [4]: Let  M ~ be an n-dimensional  compact  min imal  submani fo ld  in 

S ~+p, p > 1. I f  the  scalar curvature  o f M  n is larger than or equal to ½n(3n - 5), 

then M ~ is to ta l ly  geodesic or a Veronese surface in S 4. 

THEOREM B [9]: Le t  M ~ be an n-dimensional  compact  min imal  submani fo ld  in 

S ~+p. I f  the  sect ional  curvature  o f M  n is larger than or equal to ( p -  1 ) / ( 2 p -  1), 

then M n is to ta l ly  geodesic, the  standard immers ion  o f  the  produc t  o f  the  two 

spheres or a Veronese surface in S ~. 

THEOREM C [3]: Let  M ~ be an n-dimensional  compact  min imal  submani fo ld  

in S n+p, n > 4. I f  the  Ricci  curvature o f  M ~ is larger than n - 2, then M n is 

to ta l ly  geodesic. 

Let h be the second fundamental form of the immersion and [ be the mean 

curvature vector; < .,. > denotes the scalar product of S n+p. If there exists a 

function A on M '~ such that  

(,) < h(X, Y), ~ >= ~ < X, Y > 

* This research was partially supported by JSPS. 
Received June 23, 1997 

93 



94 H. SUN Isr. J. Math.  

for any tangent vectors X, Y on M ~, then M '~ is called a pseudo-umbilical sub- 

manifold of S n+p (cL [1]). It  is clear that  A > 0, and it is known that  the mean 

curvature H = [~[ of M n is constant (cf. Lemma 1). If the mean curvature vec- 

tor ~ = 0 identically, then M ~ is called a minimal submanifold of S ~+p. Every 

minimal submanifold of S '~+p is itself a pseudo-umbilical submanifold. 

In this paper, we study pseudo-umbilical submanifolds and generalize 

Theorems A, B and C. We assume that  the mean curvature H of M ~ is not 

zero. Our results are the following: 

THEOREM 1: Let  M n be an n-dimensional  compact  pseudo-umbi l ical  

submani fo ld  in S ~+p, p > 1. I f  the  scalar curvature  o f  M ~ is larger than or 

equal to ½n(3n - 5)(1 + H2), then M n is to ta l ly  umbilical or n = 2 and M 2 is a 

Veronese surface in S 4~ 1 

THEOREM 2: Le t  M n be an n-dimensional  compact  pseudo-umbi l ical  

submani fo ld  in S ~+p, p > 1. I f  the  sectional curvature  o f  M n is larger than 

or equal to 3P-5 ~1 M '~ 6(p-1) ~.~ "}- H2) , then is to ta l ly  umbilical or n = 2 and M 2 is a 
4 1 Veronese surface in S ( ~ ). 

THEOREM 3: Let M n be an n-dimensional  compact  pseudo-umbi l ical  

submani fo ld  in S n+v, p > 1, n > 4. I f  the  Ricci  curvature  o f  M '~ is larger 

than (n - 2)(1 + H2), then M ~ is to ta l ly  umbilical. 

Remark :  It  is clear that  our results generalize Theorem A, B and C. 

ACKNOWLEDGEMENT: I would like to thank K. Ogiue for his advice and 

encouragement and would like to express my thanks to the referee for 

valuable suggestions. 

1. Loca l  formulas  

Let S "~+p be an (n + p)-dimensional unit sphere of constant curvature 1 and 

M '~ an n-dimensional pseudo-umbilical inanifold isometrically immersed in S ~+p. 

We choose a local field of orthonormal frames e l , . . .  ,en+v in S '~+p such that  

e l , . . . ,  en are tangent to M '~. We make use of the following convention on the 

ranges of indices: 

A , B , . . . = l , . . . , n + p ;  i , j , . . . = l , . . . , n ;  a , 1 3 , . . . = n + 1 , . . . , n + p .  
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Then  the s t ruc ture  equat ions of S n~-p a r e  given by 

d(MA ---- -- E (MAB A O2B,(MAB -[- (MBA ~-- O, 

B 

1 
E KABcD(MC A (MD, dWAB = -- E (MAC A OJCB "-~ 

C CD 

K A B C D  : 5AC(~BD -- (~ADSBC • 

Restr ic t  these forms to M n. Then  

(i.i) 

(Ms = o, (M,. = Z h 5  = hjh, 
J 

d(Mi = - E (Mij A (Mj, 
J 

1 E R i j k l ( M  k A (Ml, 

k kl 

R i j k l  = 5ikSj l  -- 5i lSjk  + E ( h i ~ h j ~  - hi~hj~), 
Ot 

(1.2) 

d(Ma = - ~ wa~ A W~3~ 

1 
dw(~ = - E (M~'Y A (M,y~ + ~ E R ~ o w ~  A (Mj, 

"7 ij  

X-"~h~ h ~ ,~ Radii  = L..~ ki kj - hkjhki)" 
k 

1 h a 2 We call H = I~1 = ~ V / ~ - ~ ( ~ i  ii) the mean  curvature  of M ~ and  S = 

~ o a ( h ~ j )  2 the  square  of the length of h; h~j k and h~jkl are defined by 

(1.3) 
k k k 

and 

l l l l f~ 

respectively;  

rn m /3 
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where hi~ k = h~k j. By (1.1) we have 

(1.4) Rij = (n - 1)hij + E(hi~j E h~k) - E h~ihk~J" 
a k ko~ 

Now, let ~ be parallel to en+p; then 

(1.5) t r H ~ + p = n H ,  t r i l l = 0 ,  a C n + p .  

In order to prove our Theorems  we need the following: 

LEMMA 1 [5]: The mean curva ture  of  pseudo-umbilical submanifolds in a space 

form of constant curvature is constant. 

LEMMA 2 [4]: Let Hi (i >_ 2) be symmetric (n x n)-matrices, Si = tr  H/2 and  

S = ~ i  Si. Then 

E N(HiHj- HjHi)+ E ( t r H i H j ) 2  <_ ~ S  2 
ij ij 

and equality holds if  and only if all Hi = 0 or there exist two Hi different from 

zero. Moreover, if i l l  7 £0 ,  H2740,  Hi = O ( i ¢  1,2), then $1 = $2 and there 

exists an orthogonal (n x n)-matrix T such that 

(,OOo) (i T H l t T =  0 - f  , T H J T =  0 , where f =  . 
0 0 

Using L e m m a  1 and a direct calculat ion we have (cf. [2, 9]) 

(1.6) 1 A 
2 }2 2-- (h k) F. 

i ja~n+p i jka~n+p i ja~n+p 

= ~ (h~k) 2+ ~ hi3h~ki¢ 
ijkotCn"bp ijketCn.-}-p 

ijklaT£n+p ijklot~n+p 

h i jhk iRa~k j "  
ijkc~¢n+p~ 

+ 
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2. P r o o f s  of  T h e o r e m s  

From (*) and (1.5) we get ~ trH~h~ = nASij, H 2 = )~ and 

97 

(2.1) h~j +p = H6ij. 

Using (2.1) and (1.4) we obtain 

(2.2) 1A 
2 Z (h3) 2 

i j o ~ n + p  

o~ 2 (%k) +n ~ (h~) ~+ Z ~ ° :  ~° : Z._., ' ~ij' ~mi' ~jrn' ~kk 
i j k c ~ n + p  i j c ~ n + p  i j rak~c~nTp  

2 ~ tr(H~Hz)2 E t r (HaH~ ) - E [tr(H~Hz)]2 

: ~ (h~) ~ + n Z (h~) ~ + Z " °  ~ °  : : ' ~i j '  ~mi '  ~ m j '  ~kk 
ijkc~#n+p ijc~7£n+ p ijkm~c~#n+p 

+ - 

+ 2 tr(/-/~H~+p) 2 ~_~ tr(HJ-I~+p) - ~ [tr(H~H~+p)] 2 
p c~¢n+p aCn+p 

= E (h~J k)2 +n  E (h~J)~ + nil2 E (h~J)2 
i j k c ~ n + p  i3o~#n+p c ~ n + p  

- ~ N ( H c ~ H z - H ~ H ~ ) -  E [tr(H~H~)]2" 
~,o~nA-p ~,ot~nWp 

When p = 2, by a simple calculation from (2.2) we get 

_ N-'(hn+l]2 1A ~--'(h?~-l] 2 > [n(1 + 2H 2) S] z..~,--ij , • 
2 L..,~" z3 : -- 

ij i j  

It shows that when S < n(1 + 2H2), then }-~ij(h~.+l) 2 = 0 and M ~ is totally 

umbilical. 
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When p > 3, applying Lemma 2 to (2.2) we get 

(2.3) 
1 A 
2 Z (hh) ~ 

i jo~nWp 

-> E (h~J k )2+n  E ( h ~ ) 2 - ~ [  E trH~] 2 ÷ n i l 2  
ijkc~n-~p i jc~n+p c~7~n+p 

3 
_>n E (h~J)2-~ E (h~J)2(S-nil2) + nil2 

i ja#n+p o~n~-p ijo~£n~-p 

= ( n - 3 - S  5nil2)  
2 + ~ (h~)~ 

Isr. J. Math .  

(hh) ~ 
ijo:~nTp 

~ ,  (hh) ~ 

ot 
pal = E S,~ = S, 

i jo~n+p 

Since M n is compact, we see from (2.2) that when 

2 
S < - ~ n ( I + ~  H2) 

or the scalar curvature R of M ~ satisfies 

1 
R > 5 n ( 3 u -  5)(1+ g2), 

5 2 then x-" (h a ~2 = 0, i.e. M '~ is totally umbilical or S = 2n(1 + ~H ). In Y...~ijol~tn+p~ ij] 

the latter case, using the same method as in [2] we conclude that n = 2 and the 
equality 

E N ( H ~ H ~ -  Hf~H,~) + E (trH~H~)2 = ~ (hi3)2 
c~,f~nWp (~ ,~n+p L i j c~n+p 

holds. Thus we may assume 
(2.4) 

( 0 0 a )  (0  0 )  ( H  H 0 )  Hn+l ---- , Hn+2 = a , Hn+p = 0 , Ha = O, 

where a ~ 0, a ¢ n +  1 ,n+  2,n+p.  
Now we put 

V"  ( h ~ ~2 
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It can be seen easily (cf. [2]) tha t  

(2.5) p2(p _ 1)(a2 _ a2) = E ( S ~  - S~) 2. 

By a direct calculation, using (2.4), we get 

(2.6) p2(p _ 1)cr12 _-- (p _ 1)(4a 2 + 2H2)2, 

99 

( 2 . 7 )  p2(p _ 1)a2 = p(8a 4 + 16a2H2), 

and 

(2 .8 )  E ( S o  - S ~ )  2 = 8 ( a  2 - H2) 2. 

Subst i tut ing (2.6) - (2.8) into (2.5) we obtain 

(2.9) (p - 1)(4a 2 + 2H2) 2 _ p(8a 4 + 16a2H 2) = 8(a 2 - H2) ~. 

From (2.9) we conclude 
(p - 3)(2a 4 + H 4) = 0, 

because 2a 4 + H 4 ~ 0, which implies p = 3. Thus by [2], we know tha t  M 2 is a 

Veronese surface in $ 4 ~ 1 . 1  ~ Since 32-n(1 + ~5H2) < n(1 + 2H2), when p = 2 

5 H 2) (3nn--5) (1 + H2), then M ~ is totally umbilical. This and S _< 3n(1 + ~ or R > 

completes the proof of Theorem 1. 

Proof of Theorem 2: For any positive real number a (0 < a < 1), we have 

(2.1o) 1A 
ijc~yin+p 

-- E (h~k)2 + (1 + a ) ( E hi~ ht~ R,i jk + E h~ h,~ Rtkik ) 
ijka~£nWp ijklo~n+p ijkla~n+p 

hijhkiR~kj hi~ht~Rlijk . . . .  
ijka¢n+p~ ijkta#n+p ijklo:#n+p 

ijko~£nq-p ijkl +p 

- h a  E (h~)2-nH2a E (h~)2 
ija~n+p ijay£n+p 

E h~ hl~Rtkik) 
ijklotCn+p 

1 1) E N(H,~H~ H~H~)+ E (trH~H~)2" + - a 

[3a~n+p ot~n+p 
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For fixed a # n + p, we can choose e l , . . . ,  en such that h~j = h~idi j. Thus, we 
have (cf. [91) 

(2.11) E h{~ hl~kRujk + E hiai hl~iRIkik > nK E (h~)2' 
ijklc~#n+p ijklo~#n+p ijo~#n+p 

where K is the infimum of the sectional curvature of M ~. 
When p = 2, from (2.10) and (2.11) we get 

1 A z....~,ij (a+l )nKE(h~+l )2_na( l+H2)  E(h~j+l)2+a[E(h~+l)2]2. 
i j  i j  i j  i j  

It shows that when 
K >  a (1 + H2) ' 

- a + l  

then ~ij(h~+l) 2 = 0 and M n is totally umbilical. 
When p > 3, combining Lemma 2, (2.11) with (2.10) we get 

(2.12) 2 E ( h ~ ) 2 > [ ( l + a ) n K - n a - n H 2 a ]  E (h~J)2 
i jol#n+p ijo~#n+p 

3(1-a)(  trill) 2 
4 

o~#n+p 

1 
+ ~ ( l + a )  E (trH~H3)2" 

o~,{3#n+p 

On the other hand, we can choose en+l,...}e,~+v_t such that t rH~H 3 = 
tr 2 H~6~ 3. So we have 

{2.13) E {trH,~H3) 2 = E {trH2) 2. 
c~,19y£n+p ~{£nWp 

The following inequality is obvious, 

(2.14) E ( t rH2)2> 1 ( t rH2)2  
o~¢n+p - p - 1  E 

} 

cl#n+p 

and the equality in (2.14) holds if and only if all tr H~ are equal. Substituting 
(2.13) and (2.14) into (2.12) and taking a = (3p - 5)/(3p - 1), we get 
(2.15) 

1 a~p_-2~ ~A E (h~)2 > [6 (p -  1)nK (3p-  5)n ( ni l2  ] E (h~J)2" 
- [ 3 p - 1  3 p - 1  

i j a ~ n + p  i j a ~ n + p  
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So, when 

(2.16) K >  a p - 5  ( l + H 2 ) ,  
- 6 ( p -  1) 

then v" ( h  a ~2 = 0, i.e. M ~ is totally umbilical or A.J i ja#n+p\  i3] 

3 p  - 5 

K - 6(p (1 + 

In the latter case, the equality 
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3[ z ]2 E N(HaH~- HzHa ) + E ( t rH"Hz)2 = 2 (h~)2 
a,~7~n+p a,~5~n+ p ijo~#n+p 

holds. Thus by Lemma 2 we see that all Ha = 0, a # n + p and M n is totally 

umbilical or there exist only two of Ha # 0, a ~ n + p. However, the equality 

(2.16) implies equality (2.14), so that all tr H i are equal. This is a contradiction. 

This proves Theorem 2. | 

Proof of Theorem 3: We compute directly from (1.6): 

(2.17) ! A  
2 

i j a # n + p  

= E (h~J k)2 + n ( l + g  2) E (h~J)2 
i j kaCn+p i j a#n+p  

- E N(HaH~-H~Ha)- E (trHag~)2 
a,~¢n+p a,~#n+p 

= E (h~J k)2 +n(l+H 2) E (h~J)2- E N(HaH~-H~Ha) 
i j k a # n + p  i ja#nWp a,~#n+p 

- E ( trH2) 2. 
o~#n+p 

When p = 2, from (2.17) we get 

2 n + l  n + l  2 1A2 z_~,-~,Kf"(hP+l)2->n(e+H )E(hij  )2_  (E(hi j  )) . 
ij ij ij 

On the other hand, by the assumption in Theorem 3 we get 

(n - 2)(1 + H 2) < Ri~ = (n - 1)(1 + H 2) - X~-"(h.~+l)2 
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and so 

E (h~+l~ 2 n(1 H2). 
i j  

Combining these two inequalities we get 

2 
_ h n + l  2 1 A V ~ ( h n + l ~ 2 > n ( l + H 2 )  ~ff~(h'n+l]2 ( E ( ' ~ i j  ) ) 

i j  i j  i j  

2 n+l  2 _>n(1 + H 2) z_.,,-ij~'~(hn+l)2, - n(1 + H ) E ( h i j  ) = O. 
i j  i j  

From this we see that  ~ij(h~j+l)  2 is constant and 

n(l+H 2)- ( h # )  ~.,._~j , 
z3 ~J 

which implies that  ~ i j ( h ~ + l )  2 = 0, i.e. M n is totally umbilical since ~-.,ij Y" ,--~j(h~+l~2, 
< n(1 + H2). When p >_ 3, for fixed c~ ¢ n +p ,  we have 

E N(H,~Hz H~H,~) E ~ 2 ~, c, 2 - = (hij) (h~i - hjj)  . 
f~#nTp i j~c~ ,n+p  

Since 

we get 

(2.18) 

(hi' ~ - hj~j) 2 < 2[(h~) 2 + (h~j)2], 

Z N(H~,H~ - H~H,~) < 4 E (h~)2(h~)2" 
~ # n T p  ij[3~tv~,n+p 

On the other hand, from (1.4) we obtain 

(2.19) Rii = (n - 1) + n H  2 - H 2 - E (h~)2 
j[3~nq-p 

=(n-1)(l+H 2)-(h~) 2- E (h~J)2" 
j l3¢a,nTp 

Let Q be the infimum of the Ricci curvature of M n. Then from (2.19) we get 

(2.20) E (h~)2 -< (n - 1)(1 + H 2) - (h,°~) 2 - Q 
jf~c~,nq-p 

and 

(2.21) 2 <_ - 1 ) ( 1  + H - n Q .  

i j~#n+p 
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The following inequality is obvious, 

E ( [ ~ .  ( ) ] 2  l(trH2)2" (2.22) hi, i)4 >_ 1 hi ~ 2 - -  z - -  

n n 
i 

Substituting (2.20) into (2.18) and using (2.22) we obtain 

E N(H~H~- H~H~) 
~#n+p 

< 4 E [ ( n  - 1)(1 + H 2) - (h~/) 2 - Q](hi~) 2 
i 

-- 4[(n - 1)(1 + H 2) - Q] E ( h ~ )  2 - 4 E(hi~)4 
i 

_< 4[(n - 1)(1 + H 2) - QI ~-~(h~) 2 - _4 ~ (trH2)2 ' 
n 

i a#n+p 

and thus 

(2.23) E N(HaH~-H~H,~)__[(n-1)(I+H 2 ) - Q ]  E (h~J)2 
e~,[3~nTp ijet#nWp 

4 E (tr 22 H~,). 
n 

a~n+p 

Combining (2.21), (2.23) with (2.17) we obtain 

(2.24) 2 E 2 
ijo~&nWp 

-> E (h~ k)2 + [ ( - 3 n + 4 ) ( 1 + H  2)+4Q] E (h~)2 
i jkot~nTp ijct#nWp 

4 
+ n  E (trH2) 2 -  E (trH2) 2 

~:fin+p ot#nTp 

--> E (h~J k)2 + [(-3n + 4)(1 + H 2) + 4Q] E (hi~)2 
ijkot#n-bp ijo~#n+p 

n - 4  E ( t r i l l )  2 
n 

c~¢n+p 

>- E (h~J k)2 + [ ( - 3 n + 4 ) ( 1 + H  2)+4Q] E (h~J)2 
i j k c ~ n + p  i ja~nWp 

n - 4[n(n _ 1)(1 + H 2) - nQ] E (h~J)2 
n 

i j a # n + p  

= E (h~ k)2 + [n(n- 2)(1 + g 2) + nQ] E (h~)2" 
i j k a ~ n + p  i j c ~ n + p  
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e ~)2 Thus,  we see from (2.24) tha t  when Q > ( n - 2 ) ( l + H 2 ) ,  th n ~,ija%n+p(hij = 0 

and M n is total ly umbilical. This completes the proof  of Theorem 3. | 
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