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ABSTRACT
In this paper, we will give some conditions under which the submanifolds
in a unit sphere are totally umbilical.

0. Introduction

Let S™*? be an (n + p)-dimensional unit sphere of constant curvature 1 and M™
an n-dimensional compact submanifold isometrically immersed in S"*P. The
following results are well-known.

THEOREM A [4]: Let M™ be an n-dimensional compact minimal submanifold in
S™t?P p > 1. If the scalar curvature of M™ is larger than or equal to %n(3n —5),
then M™ is totally geodesic or a Veronese surface in S*.

THEOREM B [9]: Let M™ be an n-dimensional compact minimal submanifold in
S™*P_ If the sectional curvature of M™ is larger than or equal to (p—1)/(2p—1),
then M™ is totally geodesic, the standard immersion of the product of the two
spheres or a Veronese surface in S4.

THEOREM C [3]: Let M™ be an n-dimensional compact minimal submanifold
in S"P n > 4. If the Ricci curvature of M™ is larger than n — 2, then M™ is
totally geodesic.

Let h be the second fundamental form of the immersion and £ be the mean
curvature vector; < -,- > denotes the scalar product of S?*?. If there exists a
function A on M™ such that

(%) <MX,)Y),E>=A< XY >
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for any tangent vectors X,Y on M™, then M™ is called a pseudo-umbilical sub-
manifold of S™*7 (cf. [1]). It is clear that A > 0, and it is known that the mean
curvature H = |£| of M™ is constant (cf. Lemma 1). If the mean curvature vec-
tor £ = 0 identically, then M™ is called a minimal submanifold of S?*?. Every
minimal submanifold of S™*? is itself a pseudo-umbilical submanifold.

In this paper, we study pseudo-umbilical submanifolds and generalize
Theorems A, B and C. We assume that the mean curvature H of M™ is not
zero. Our results are the following:

THEOREM 1: Let M™ be an n-dimensional compact pseudo-umbilical
submanifold in S™*P, p > 1. If the scalar curvature of M™ is larger than or
equal to n(3n —5)(1+ H?), then M™ is totally umbilical or n = 2 and M? is a

Veronese surface in §%( \/&'H_?)

THEOREM 2: Let M™ be an n-dimensional compact pseudo-umbilical
submanifold in S™*?, p > 1. If the sectional curvature of M™ is larger than
or equal to 2E=3-(1 + H?), then M™ is totally umbilical or n = 2 and M? is a

6(p—1)
L4 1
Veronese surface in S (W)

THEOREM 3: Let M"™ be an n-dimensional compact pseudo-umbilical
submanifold in S™*?, p > 1, n > 4. If the Ricci curvature of M™ is larger
than (n — 2)(1 + H?), then M™ is totally umbilical.

Remark: It is clear that our results generalize Theorem A, B and C.
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1. Local formulas

Let S™*? be an (n + p)-dimensional unit sphere of constant curvature 1 and
M™ an n-dimensional pseudo-umbilical manifold isometrically immersed in S™2.
We choose a local field of orthonormal frames eq,...,entp in S™P such that
e1,...,e, are tangent to M™. We make use of the following convention on the
ranges of indices:

AB,...=1,... ,n+p;, 44,...=1,...,n;, af,...=n+1,... ,n+p.
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Then the structure equations of S™*? are given by

dwp =~ waB Awp,wap +wpa =0,
B
1
dwap = — XC:wAc Awes + 5 ;KABCDWC Awp,

Kapcp =d84cdBp —dapdBC-

Restrict these forms to M™. Then
Wo =0, Wi :Zh%wj, i' —h;xz,
J
— Z wij A wy,
dw Zwlk ANwgj + = ZRnklwk A wy,

(1.1) Rijri = dirdji — dubjn + Z(h ah%),

a:_zwaﬂ/\wﬁv
B

1
dweg = — Zwav A wyg + 5 ZRagijwi A wj,
¥ ij

(1.2) Ropij = y_(hhl; — highly).
k

We call H = |¢] = 1,/3 (3, h%)? the mean curvature of M™ and S =

> ja(hf‘) the square of the length of h; hiy), and hjy, are defined by

(1.3) > hEywr =dh$ + > hGwii + > hijwki — Y hijwsa
k k k B
and
3 hGwn = dh% + > W+ Y Ay + Y b — Y hwpa
l l i l Iéi
respectively;

Bt = e = 3 W Rt + Y Won Rmirt + 3 1 R
m m B
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where h¢, = hf;. By (1.1) we have

(1.9) Rij = (n— 18 + Y (h ) hie) = D _hihi
«a k ka

Now, let £ be parallel to e,p; then

(1.5) trHyppp=nH, trH,=0, a#n+p.

In order to prove our Theorems we need the following:

LEMMA 1 [6}: The mean curvature of pseudo-umbilical submanifolds in a space
form of constant curvature is constant.

LEMMA 2 [4]: Let H; (i > 2) be symmetric (n x n)-matrices, S; = tr H? and
S =73%.85;. Then
> N(HH; — H;H;) + Y _(tr H;H;)* < 58

ij ]

N W

and equality holds if and only if all H; = 0 or there exist two H; different from
zero. Moreover, if Hy # 0, Hy # 0, H; =0 (i # 1,2), then 1 = 52 and there
exists an orthogonal (n x n)-matrix T such that

f 0 O o f 0 35
TH'T =0 —f , TH'T=|f 0 . where f = 71
0 0 0 0

Using Lemma, 1 and a direct calculation we have (cf. (2, 9])

(L.6) %A S o= Y (st Y hsARg

ija#En+tp ifka#n+p ija#n+tp
= D GG+ D hihi
ijka#n+p uka#n+p
+ Y BGhfRige+ Y h§hfRuk
ijkla#En+tp ijkla#n+tp

+ Z h‘ hszaﬁk]
ijka#n+ps
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2. Proofs of Theorems

From (x) and (1.5) we get 3 tr Hyoh = nAé;;, H? = X and
(2.1) hitP = Héij.

Using (2.1) and (1.4) we obtain

1
§AZ

ijaFEn+p
S OCAERID SECTES s
ijka#£n+p ija#En+p z]mkﬂa¢n+p
+2[ > t(HaHg)* = tr(HgHg)]- > [tr(HoHp))
Ba#n+p Ba#n+p Ba#n+p
— apa B 1B
= 2 GE)en 3k Do hhahnshid,
ijka#n+p ijaFEntp z]kmﬂa#n%—p
+2{ > tr(HaHp) - Y tr(HﬁHg)}— > [tr(HoHg))?
B,aFn+p B,arn+p Baztn+p
+2[ Z tr(HaHn+p)2_ Z tr(H2HT21+p):| Z [tr(HaHn+P)]2
aF#n+p aFn+p a#n+p
=X e X 05 e X 057
ijka#n+p ijaF#n+tp a#n+p
— Y N(HoHp - HgHo)— > [tr(HoHp)).
B,a#n+p B,a#n+p

When p = 2, by a simple calculation from (2.2) we get

—AZ (B2 > [n(1+2H?) — 8] > _(hZH)2.

ij

It shows that when § < n(1 + 2H?), then Zij(h;‘j“)z = 0 and M" is totally
umbilical.



98 H. SUN Isr. J. Math.

When p > 3, applying Lemma 2 to (2.2) we get

(2.3)
%A > org)?
ijatn+tp
> Y (G Hn Y (hf‘j)z—g[ > trH§]2+nH2 g
ijka#n+p ija#ntp a#£ntp ijaFEn+p
>n 3 g -0 X S —nH) nl? Y ()
ija#ntp aF#n+p ija#n+p
= (n-2s5+2nm) Y (h3)”

ijo#n+p

Since M™ is compact, we see from (2.2) that when
2 5
§<= (1 -H 2)
< 3n + 2
or the scalar curvature R of M™ satisfies

1
R> 3n(3n-5)(1+ H?),

then 35, . (h%)? =0, ie. M™ is totally umbilical or § = Zn(1 + $H?). In
the latter case, using the same method as in [2] we conclude that n = 2 and the
equality

[ 9

> N(HoHp—HgHo)+ Y (trHoHp) =
a,B#n+p a,fEn+p

5 o]

ija#En+p

holds. Thus we may assume
(2.4)

a 0 0 a H 0
Hn+1:<0 —a)’ Hn+2=(a 0)’ Hn+p=<0 H)a H, =0,

wherea #0,a #n+1,n+2,n+p.
Now we put

Sa = Z(h:‘lj)za
j
po =) Se=5,

plp—1)o2 =2 SaSp.

a<f
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It can be seen easily (cf. {2]) that
(2.5) PP(p—1)(0f —02) = Y (Sa— Sp)*.
a<f

By a direct calculation, using (2.4), we get

(2.6) pi(p— )0} = (p—1)(4a’® + 2H?)?,

(2.7) p(p — 1)og = p(8a’ + 166 H?),

and

(2.8) > (Sa — 8p)* = 8(a® — H?)2.
a<f

Substituting (2.6) — (2.8) into (2.5) we obtain
(2.9) (p — 1)(4a? + 2H?)? — p(8a? + 160 H?) = 8(a® — H?)%.
From (2.9) we conclude
(p - 3)(2a* + H*) =0,
because 2a* + H* # 0, which implies p = 3. Thus by [2], we know that M? is a
Veronese surface in 54(\/T+_Hf) Since %n(l + 2H?) < n(1+ 2H?), when p = 2

and S < 3n(1+5H%) or R > @ﬁ_i)(l + H?), then M™ is totally umbilical. This
completes the proof of Theorem 1.

Proof of Theorem 2: For any positive real number a (0 < a < 1), we have

1
(2.10) iA”Z
ijaF#En+tp
= Y (hgw)? 1+a)< > hh{Rug+ Y, kS h,,R,k,k)
ijkaz#n4tp ijklagn+p ijklastn+p
+ Y hg;.hfiRaﬁkj—a( > REhGRue+ Y h;’;h;’;leik>
ijka#n+pf ijklaZn+p ijkla#n+p
= > () + (1+a)( Y hEhfRug+ Y hf;h;szk,-k)
ijka#n+p ijklag#n+p ijkla#n+p
—na Y (k) -nH’a > (hg)?
ija;én-f—p ijatntp

Y
+5(a-1) > N(HoHg—HgHy)+a Y (tr HoHp)?.
Ba#n+p a#n+p
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For fixed o # n + p, we can choose ey, ..., e, such that hi; = hgoi;. Thus, we
have (cf. [9])

(2.11) Z h%hﬁcRuJ’k + Z hish Rk > nK Z
ijkla#n+p ijkla#n+p ijaFntp

where K is the infimum of the sectional curvature of M™.
When p = 2, from (2.10) and (2.11) we get

—AZ (32 > (a+1) nKZ () —na(1+H?) Y (52 +ad> (A5,
i i

It shows that when

1+ H?
+1(+ ),

then 3, (h5*!)? = 0 and M™ is totally umbilical.
When p > 3, combining Lemma 2, (2.11) with (2.10) we get

(2.12) —A > (hE)? 2[(1+a)nK —na—nH%] Y (k)
ija#tn+p ijaFn+p
3,
~H-a( Y wHp
a#En+p
1 2
+§ (1+a) Z (tr Hy Hg)".
a,f#n+p
On the other hand, we can choose e,11,...,en4p—1 such that tr HoHg =
tr H2645. So we have
(2.13) > (trHoHg) = ) (erH2)™
o,B#n+p aFn+p

The following inequality is obvious,

232 1 112 2
(2.14) > (trH2) 25—_—1( dootr a) ,

atn+p aFn+p

and the equality in (2.14) holds if and only if all tr H2 are equal. Substituting
(2.13) and (2.14) into (2.12) and taking a = (3p — 5)/(3p — 1), we get
(2 15)

—ln_ (Bp=5n (Bp-5)n
—Aua;w(h 2[ o1 0 3po1 | 3p-1 Hz] Y ()P

ijaFtntp
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So, when

3p—-5
(2.16) K> 6 =1)

then 37, ..., (h%)? =0, ie. M™ is totally umbilical or

1+ H?),

(14 H?).

In the latter case, the equality

2
3" N(HoHp— HpHo)+ > (trHaHﬁ)ng[ > (h?ﬁz}

a,B#n+p a,f#n+p ija#n+p

holds. Thus by Lemma 2 we see that all H, = 0, @ # n+ p and M" is totally
umbilical or there exist only two of H, # 0, a # n + p. However, the equality
(2.16) implies equality (2.14), so that all tr H2 are equal. This is a contradiction.
This proves Theorem 2. |

Proof of Theorem 3: We compute directly from (1.6):

(2.17) AZ

ijatn+p
= Y (g 0+ HY) Y (A
ifka#En+p ijaFntp
> N(HoHp— HgHo)— ) (tr HoHpg)?
a,B#n+p o, B#n+p
= > () +n(+HY) D (h)?— Y N(HuHp— HgH.,)
ijka#n+p ija#En+p a,f#n+p
S (i
aFEn+p

When p = 2, from (2.17) we get

—A Z(hn+l >n 1+H2)Z(h%+1)2 . (Z(h?j+1 )2.
ij ij

On the other hand, by the assumption in Theorem 3 we get

(n=2)(1+ H?) < Ry = (n - 1)(1+ H?) = Y _(h35H)?
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and so

D (h3? <n(1+ H?).
ij

Combining these two inequalities we get

_AZ hn+1 >n(1 + H2) Z(hn-H (Z(hrﬂ—l )
>n(l+ H?) Z(h%“) —-n(1+H?)Y (R =0.
i i
From this we see that Y-, (hi"*)? is constant and
[n(l +H?) - Z(h?j“)"‘] D (=0,
i i
which implies that 3, (A;"1)? = 0, i.e. M™ is totally umbilical since 3, (h7;)?

< n(1+ H?). When p > 3, for fixed o # n + p, we have

> N(HoHg—HgHo)= > (h5)(h3 —h%)*.

B#n+p ijfF#o,n+p
Since
(R — h35)? < 2[(hg)* + (h$5)7],
we get
(2.18) ST N(HuHp—HpHoa) <4 Y (h)(h3)%

B#n+p f#an+tp

On the other hand, from (1.4) we obtain

(2.19) Ry=(n-1)+nH2—H>- Y (b))
JB#n+p
=(n-DA+H) - ()~ > (W)~
jB#a,n+p

Let @ be the infimum of the Ricci curvature of M™. Then from (2.19) we get

(2.20) Yo B <(n-)A+H)- ()’ -Q
jB#a,n+p

and

(2.21) Y (W) <n(n—1)(1+H?) -nQ.

ijB#n+p
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The following inequality is obvious,

(2.22) St > My e = Lwny
. i i) = - i n a/

Substituting (2.20) into (2.18) and using (2.22) we obtain

> N(HoHg — HgH,)
B#n+p

< 42[(n - D1+ H?) - (hg)" - QI(hg)°
=4(n—- 1)1 +H?) - Z 42
<4[(n— 1)1+ H?) - Q] Z Z (tr H2)?,

a¢n+p
and thus

(223) ) N(HaHg—HpHo) <[(n—D(1+H)-Q > ()

a,B#n+p ija#En+p
- - Z (tr H2)?.
a;én-l»p
Combining (2.21), (2.23) with (2.17) we obtain
1
(229 ;A X
tjoaFEn+p
> Y (W) H (B +HY+4Q Y (hG)?
ijka#n+p ijagn4p
4 242 2
+ - > (trH2)? = ) (trHZ)?
aFntp a#Fn+p
> 3 B4+ 00+ H) +4Q) > (h)?
ijka#n+tp ijaEn+p
n—4 2.2
- n Z (trHa)
aFn+p
> Y (h) (-3 )+ H) +4Q) > (h)?
ijka#n+p ijo#ntp
n—4
~——[n -1+ H)-nQ] > (h3)
ijatntp

= Y (WG +R(-20+H)+nQ] D (h)

ijka#n+p ijaFEn+p

103
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Thus, we see from (2.24) that when Q > (n—2)(1+H?), then 2 ijadnrp h)? =0

and M™ is totally umbilical. This completes the proof of Theorem 3. [ |
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